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Allltnet-Numerical calculations were performed for two e:wnples of the response of elastic-plastic
beams subjected to dynamic loads. 1bese were a simply supported, axially restrained beam UDder suddenly
applied UDiform pressure, and lIII axia1ly restrained, clamped beam with a central mass that is impacted by a
projectile. Larae ellltic-plutic deflections were considered, lIIId the method of fiBite diferuces was IIIed.
Two ditlerent constitutive equations were aslllllled: the eJastic-perieetly pIIItic relation, and a speciaJ
elastic·viscoplastic, strain hardenina model. Analysis of the results included examirliJla the interaetioD
between the bendina moment lUId the axial force, the variation of the axial force, beDdinl moment and
deftection with time, and the propaption veloc:ities of the various pheDOlllena cluriDal motion. Experiments
were carried out in wbk:b a rile projectile hit a central mass which had been fastened to a clamped beam.
Comparison between the theoretical and experimental dynamic deftections shows aood qreement for
relatively short response times.

INTRODUCTION
The beam is one of the simplest structures and, therefore, many studies have been carried out
to determine its response to transversely applied dynamic loads. In the case of large elastic
plastic deformation, the problem cannot be solved exactly by analytical methods as it becomes
relatively complicated.

There are a number of analytical and experimental investigations which deal with simple
beam problems in which the analyses aenerally assume n,id-plastic or elastic-perfectly plastic
behavior of the material, e.g. Parkes{ll, Nonaka[2]. For more information, Symonds[3] gives a
very detailed survey of analytical methods and experimental results. For complicated boundary
conditions or more realistic constitutive equations, numerical methods must be used to obtain
results for the dynamic behavior of beams.

In the present investiption, the method of finite differences was used based on the work of
Leech and Pian[4] and Witmer, Balmer, Leech and Pian [S]. It is suitable for any set of
boundary conditions, and any constitutive equation may be used. The main aim of the present
work was to study several aspects of the response characteristics of beams of elastic,
viscoplastic material such as the deflection curve as a function of time, the final deflection, the
interaction between the axial force and the bending moment, the propagation velocities of the
various phenomena, etc.

One of the important points in such problems is to characterize the dynamic. inelastic
material behavior by defining its constitutive equation. This subject bas been extensively
studied during the last two decades because many practical problems require this information.
Review papers on this subject have been written by Lindholm[6], CampbeU[7] and by others.

It has seemed expedient. to develop a material representation which is not based on a yield
condition and which is rate dependent in the complete range of stress states. Such a formulation
would have more physical basis than the classical idealizations and would be more suitable for
numerical computations. Bodner and Partom [8, 9} have recently developed constitutive
equations for elastic viscoplastic, strain hardening materials which do not require a yield
criterion and are motivated by dislocation dynamics. It is specially suitable for numerical
procedures since neither unloading nor yielding conditions have to be introduced. An important
part of this work is the application of the Bodner and Partom theory to the beam problem and
to compare the results to experimental work and to theoretical predictions obtained by
assuming elastic-perfectly plastic material behavior.

tThe research reported in this document has been supported in part by the Air Force Office of Scientific Research under
Grant AFOSR·74-2607B, through the European Office of Aerospace Research (EOAR), United States Air Force.
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STRUCTURAL ANALYSIS

A general model for large dynamic deflections of shells was developed by Leech and
Pian[4), and by Witmer, Balmer, Leech and Pian[5), which is directed to numerical solutions
by the method of finite ditferences. The basic equations are Newton's second law for a segment
of a beam which is considered as the basic structural element. The analysis takes into account
large deftections and strains, both tangential or lateral loadings, and can be used with any
constitutive equation of the material. On the other hand, tbe beam element was assumed to be
"long" so that shear deformation and rotational inertia could be neglected. Motion in one plane
was considered as well, and changes in cross sectional area were neglected.

The dynamic model consists of point masses wbich are connected by straight weightless
rods. The rods' length may change according to the axial force, but the rods never bend. Any
change in curvature can take place only by changing angles between the rods. The beam
cross section is represented by borizontallayers whicb are connected by a vertical web. This web
has no axial strength but it is perfectly rigid against shearing stresses. The
properties of the modified cross section must be equivalent to those of the oriainal one.
Therefore, the total cross sectional area of the layers must be equal to that of the original beam.
The second requirement is that the modified cross section bas the same resistance against
beDdiq, both in the elastic and inelastic ranges, as the original cross section. This can be
achieved only by taking a sufticiently large number of layers. A detailed description of the
dynamic model and the dynamic and geometric relations is given in [4,5).

To achieve aood computational results, it was found that some of the kinematic relations have
to be written in a form ditferent from the obvious one. This is due to the limited accuracy of the di
gital computer. It was observed that some variables computed by kinematic relations were given
the value zero instead of their relatively small value. This was a consequence of the normal ad
vance and development of the following steps of calculation and could occur when calculating a
relatively small value as a difference between two large values. The best example is the increase of
strain of the neutral axis 4f/ after one time increment, where i denotes the segment number along
the beam and r is the number of the time increment. Usually, the strain increase is given by

4(8S)t 8St - 8St,-1A.'. .=~;;,;;;:.._
1,&"'1 ~ 8X (1)

where X is the coordinate alolll the oriainal axial direction of the beam, ax is the initiallcnatb
of one seameat of the beam, 8St is the lenath of the ith segment after r time increments, and 4
denotes an increment of any variable due to one time increment 4T. 8St is given by the
coordinates of the point masses

(2)

It was realized that eqns (1) and (2) are n9t suitable for the numerical procedure, mainly in
the early steps, because the ditference calculated in eqn (1) is very small in comparison with the
seameat lcnatb. This causes the computer to nealect the strain from the beainnina with the
result that no stress is "developed" during the entire calculation and the prosram fails. This
diftlculty is avoided if the strain increase is calculated directly from the point mass velocities.
By time differentiation of (2) we pt for the strain increase:

(3)

where X" Y. are the velocities, and 8, is the aqle between the ith rod of the dynamic model
and the x-axis. The same procedure was carried out to compute the curvature increase directly
from the velocities.

The calculation of the pometric variables by their change with time, instead of by those
relations which bad been used before, leads to fairly accurate values for the strain increase of
every layer. From the segment geometry

BS =BS(l +~K) (4)
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where Eis the distance of the layer from the neutral axis, K is its curvature, and the bar over
any given parameter denotes that the value corresponds to a single layer. The time dif
ferentiation of eqn (4) gives the formula for the increase of strain of tbe ktb layer, whicb is
important for large deflections and curvatures:

(5)

The relation for the deformation rate if is:

(6)

BOUNDARY CONDITIONS

Numerical computations were carried out for two examples: (A) A simply supported, axially
constrained beam subjected to suddenly applied uniform pressure wbich remains constant with
time. (B) A fuDy clamped, axially constrained beam with a central mass subjected to projectile
impact and imbedment in the mass.

Example A was chosen as it is a typical and classical problem so that general conclusions
can be derived from it about the dynamic behavior of the variables. Another reason is that this
example is relatively simple to solve analytically for low loads for which the beam is in the
elastic ranae. It was of interest to compare the general program results for the elastic range to
the corresponding analytical solution for elastic vibrations.

Example B was chosen as it is a relatively simple experimental arrangement. Experiments
were carried out and the results of the theoretical and experimental mid-beam .deflections were
compared. FllUl'e 1 gives the drawing of the specimen. As the central mass was assumed to be
concentrated at midpoint, it is obvious that

m", =mo+ m, + rn" (7)

where m.. is the total midpoint mass, mo is the projectile mass, m, is the point mass of the
bomogeneous beam, and mao is the mass of the blocks, bolts and nuts.

For the first approximation, the impulse was assumed to occur in a very sbort time so that
the mid-beam initial velocity is given by

(8)

wbere Vo is the projectile impact velocity. Secondly, it was assumed that the impulse acts
during a finite time T1 so that the average force is

(9)

-----~-31-16.....B-SW--·--=4

Fig. 1. Drawing of the experimental specimen.
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As Tt has a relatively small value (in microseconds), almost the same results were obtained for both
assumptions when longer deformation times were considered.

CONSTITUTIVE EQUATIONS

The two examples were solved assuming two dUferent relations for the constitutive
equations:

(1) Elastic-perfectly plastic (e.p.p.).
(2) Elastic-viscoplastic, strain hardening (e.v.p.) which bas been developed within the last

years by Bodner and Partom[8,9].
The e.p.p. relation is the simpiest and most economical one from the computational

viewpoint, but is considered only as a first approximation to actual material behavior. For better
predictions, some other relations might be used such as the elastic linear strain hardening
(bilinear) relation[S] or a Rambera-Qsaood type representation which takes into account the
strain hardenina phenomenon. If the material shows s_cant strain rate sensitivity, some
approximation for this effect can be made, aad there are SUlPltions for such strIiD rate Jaws,
e... Bodner and Symonds(10). The beam problems under CODIideraUoD involve 10Idiq aDd
unloading and the strain rate chutes with time and place aloaa the beam. EVeD ill the same
cross section, the strain rate varies for every layer so the precediDa methods cause com
putatiooal diftlcultiea and an expenditure of computation time.

A theory of elastic-viscopiastic, strain bardenilll material behavior which does not require a
yield criterion or loacI.iq and uDlolding COIIditions would be very UMfu1 for this cIaaa of
dynamic plalticity problems. These cbaracteriadcs are inberent ill the theory developed by
Bodner and Partom[8, 9) which is motivated in part frum conc:eptJ of "cIiIlocatioD d)'QllDics",
One of the important points in the present paper has been to examine some couequences of
usina this theory for structural problems involving 10adiq aad unJoIdinl and cbaDIiDI strain
rates,

The basic assumption of the theory is that the total deformation rate can be separated at all
stales into elastic and inelastic components,

(10)

wbere

(11)

and V, are the particle velocity components. This leads to constitutive equations in which the
rate components are functions only of state variables, e.g. the eIutic strell, and the defor
mation state.

The basic form of the flow law of classical plasticity is:

(12)

where the bar symbol iDdicates the deviatoric components,
Squarina (12) leads to

(13)

where IhP and ]2 are the second invariants, respectively, of the plastic deformation rate
deviator and the elastic stress deviator. It is further assumed that

Dl = !(]2). (14)

Suggested forms for this function are those that have been developed to reJate the
dislocation velocity to the stress. Equation (14) can then be interpreted as a multi-dimensional
generalization of those unidirectional equations. A convenient form for eqn (14) that appears to
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have a physical basis was proposed by Bodner and Partom[8,9],

(IS)

where

(16)

The quantities Do, Z and n are material constants. Work hardening is considered by making
Z an increasing function of the quantity that represents the worked state of the material which,
for simplicity, is taken to be the total plastic work Wp , where

(17)

This would correspond to the plastic deformation rate being a decreasing function of Wp which
is one of the macroscopic consequences of strain hardening. A suitable functional form for
Z =Z(Wp ) is

Z =Zl +(Zo- Zl)exp( - mW.,/Zo) fIS)

where Zo, Zl' and m are new material constants. This hardening law corresponds to isotropic
hardening and therefore does not indicate any Bauschinger effect.

The beam problems in the present paper were considered to have only uniaxial stress, for
which

where CT is the axial stress in a layer of the beam, and

Vu =2cT/3.

(19)

(20)

The expression for the axial plastic deformation rate is obtained from (12), (15), (19) and (20),

(21)

The rate of plastic work is derived from (17),

(22)

and the elastic deformation rate is given by Hooke's Law for the case of small elastic strains,

d' =u/B. (23)

The stress CT can then be computed from these equations by an iteration method in which the
total axial deformation rate d is calculated by the coordinates and velocities of the point masses
and both d' and dP are given functions of u and CT.

EXPERIMENTAL WORK

The case of a fully clamped beam with a central mass subjected to an impulsive-force at the
mid.point was investigated experimentally. The impulse was applied by a bullet striking and
imbedding itself in the central mass, and high speed photographs were taken of the beam
response.

The projectile was a standard 0.22 in caliber bullet having a mass of 2.63 gr and an average
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velocity of 400 m/sec. It was made of lead and covered with brass. Figure 1 is a detailed
drawing of the specimen where the central mass consists of two aluminum blocks bolted to the
beam mid-point. The weight of these two blocks plus the two bolts and nuts was about 30 gr.
The beam total length was 2SS mm, but as it was clamped at its ends, the elective length was
230 mm. Its width was 20 mm and thickness 1mm.

Experiments were carried out for two materials: Al 6061-T6 and commercially pure
titanium. A large number of tests were performed on 16 specimens in order to get reliable
results.

Figure 2 is a schematic of the experimental arraugement. The system included three ftash
uniu wbich were inter-eonnected by time delay units so that three tlashes-one after the
other-could be carried out with maximum available time intervals of 150,.,.sec. Every picture,
therefore, can include three dynamic positions of the detlected beam so that the exact time for
each position can be readily calculated. Pictures of the final static deftection were also taken.

FLASH UNITS
PHOTO CELLS

PROJECTILE PATH
•

SPlCIM£N
LIGHT SOURCES

RESULTS AND CONCLUSIONS

M,clumical prop,rties
The mechanical properties of the materials were obtained by tensile experiments in an

Instron testiq machine. It was realized that the strain rate sensitivity of Al 606I-T6 is very
small and can be ipored and its strain bardenina is also nealiIible. Therefore, it was considered
in the computations as an elastic perfectly plastic material with an averap yield stress of
30kg/mm2

•

Figure 3 shows stress-strain curves for commercially pure titanium. It can be seen that it has
hiah rate sensitivity and its strain bardenina is not larp but cannot be neaJ,ected. Therefore. it
has to be treated in computations as an elastic-viscoplastic, strain hardenig material. This
material. as mentioned before. is defiDed by five _terial constaats (in additioD to its elaltic
modulae): Do. Zo, Z" " and m, which can be obtained by 6ttiDa results of uniaxial tensile
experiments to those computed numeri.ca1l)'. Figure 3 shows the graphs obtained by ftttiq
results at two relatively low strain rates. The upper curve is an extrapolation for a hiaber rate of
lOsee-I. The foDowini values were obtained for titanium:

D0
2 =I(f sec-2

n=1
m =100
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Fig. 3. Stress-strain relation of a titanium specimen during tensile test.

Zo = 12.6 Kbars
ZI =19.5 Kbars

These properties are similar to those obtained in the past works except for Zo and ZI wbkb
bere bave higher values. Since the important strain rates for the beam response in the impulsive
loading tests were in the high range, about 10 sec-I, it would have been preferable to choose the
material constants to best fit results in this range. However, these were not available for the
specimen material. Other test data on titanium, e.g. (11], indicate that the calculated stress-strain
curve for i. =10 sec-I, Fig. 3, is reasonable at low strain levels but somewhat over-magnifies
the strain hardening effect at high strains.

In order to compare the elastic-viscoplastic, strain hardening material behavior to that of the
elastic-perfectly plastic material, it was necessary to assume an approximate average value for
the yield stress 0"0 of titanium. The results of the numerical examples for the response of the
beams sbows that the principal strain rates were about 10 sec-to The calculated stress-strain
relation for this rate, Fig. 3, indicates that the "yield stress" for large strains would be
approximately 7.3 Kbar.

Theoretical results for example A
For the numerical example of a simply supported beam under suddenly applied uniform

pressure which remains constant with time, a titanium beam with a length of 100 em and a
square cross section of 2x 2em was considered. The beam was divided into 40 segments and 4
layers for the numerical procedure. A uniformly distributed force of 4 x 1(f dyn/cm was
assumed to be applied suddenly to the lateral surface of the beam. Only numerical studies were
performed for this example as a suitable experimental system for uniform dynamic load
application was not available.

Figure 4 shows the calculated axial force at mid-beam as a function of time. Since its
appearance starts at the supports and then moves towards mid-beam, the force at the middle
becomes non-zero only after a time of about 100 ,.,.sec. The average velocity of this signal is,
therefore,

VI = 0.5m/l00 x 10-6 sec = 5000 m/sec. (24)
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F"JI. 4. Axial forte at center of a simply supported axially constrained titanium beam. subjected to a uniform
step load.

The velocity of the elastic wave is

IT ./(C'/) 1(1.2 x lO'2dYnlcm2) "o.<:nmj
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(25)

It is obvious that V I ... V. as had been expeeted.
Fipre S shows the axial force at the end of the beam as a function of time. A principal

difference between Fip. 4 and S, aside from the time response factor, is the ftna1 value of the
axial force for the e.v.p. material. At mid-bam it is lots tban that of the e.p.p. material, but at
the beam ead it is muda hither. This is a CODI14ueace of an av...... value beiDI usumed for
the yWd Inu of tile e.p.p. mattrial, _ the Itrain rates at the ..bIiIII .... thaD thole at
the middle. 8ec:auIe of this variation, the e.v.p. rellaion would Jive IDOIe realisUc: results for a
rate seuitive .material.

FiaUre 6 gives the beDdiaa moaent Sem from the beam eDel as a fuactioD of time. The curve
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F"JI. s. Axial force at the end of a simply supported axially constrained titanium beam. subje<:tecl to a
uniform step load.

Fig. 6. Bending moment Scm from the end of a simply supported axially constrained titanium beam.
subjected to a uniform step load.
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for the e.v.p. material is more "smooth" and seems to represent the real physical behavior more
correctly.

The relation between the bending moment M and the axial force N for a rectangular cross
section and an elastic perfectly plastic material is given for complete yielding of the whole cross
section by

1~1+[~r = 1 (26)

when Mp is the fuDy plastic moment and Np is the fuDy plastic axial force. As Mp and Np are
constants of the cross section, eqn (26) is a direct connection between M and N for the fully
plastic range. If N reaches Np , then M becomes zero and the beam behaves like a string. In the
present problem, most of the cross sections along the beam are not in a situation of complete
yielding, but it is still of interest to check this relation. It was done for the e.p.p. material, as
shown in Figs. 7-9, which represent pictures of M, N and the deflection Yin di1ferent times. At
the start of beam motion, the axial force is very small but then starts growing with time. When
the deflection is about 7.5 em, the beam behaves almost like a string as can be seen in Fig. 9.

An interesting phenomenon is the deflection curve in Figs. 8 and 9 which has its highest
value near the beam ends and not at the middle. The same effect can be observed in
photographs of the experiments of Florence and Firth[l2}.

14,-------------------,

12

10

•

Y(em)

-2

-4

-60~----::!=----J1:----±---~--~100

x (em)

Fia- 7. BendiDa IIIOIIIeIIt, axial force and dellec:tion of a simply supported axially constraiDed elastic
perfectly plastic titanium beam, SO,...sec after application ofa Ulliform step load.

-150~--7-----t.;;---~~---:eo~---=.1OO

x (em)

Fig. 8. Bending moment, axial force and deflection of a simply supported axially constrained elastic
perfectly plastic titanium beam, 1<40,...sec after application of a Ulliform step IoU.
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F... 9. BeadiDll mmen.. axial force aad cIe4ection of a simply supported uia1ly constraiDed elastic
perfectly pIatll: ........ %to,.. after IPftic:atioa tA. a UIIifona .tep \old.

Theoretical and aperimeratal multi for example B
Experiments and calculations for this case were carried out for both AI6061·T6 and

commercially pure titanium. Pipre 10 shows the calculated response shapes of ODe half the
titanium beam at diferent times. It was treated as an e.v.p. material. Smaller overall dett,ctioDs
were obtaiDed for the titaDium btam thaD for the AL 6061·T6 beam because of the rate
sensitivity factor. In addition, the deItcUId shapes of the titanium beams were more curved
thaD those for the aluminum beams for which almost straight lines were obtaiDed. The neptive
deflection near the two ends of the deflected ZODe was also observed in the experimental
photopaphs.

Figure 11 compares the experimental mid-beam deftection to the calculated deftection as a
function of time for titanium. The experialeDtal points are above the theoretical curve. This is
probably a consequeace of tile material·p8I'aIIIeten beial obtained by fitting results for low
strain rates. Here the behavior is extrapolated to much bigber strain rates which may cause
accuracy problems. Final deftectioa mapitudes were not computed due to the 1001 computer
times involved.

Figure 12 sbows bow the leaa*h of the deftected ZODe increases with time in aluminum.
There is good qreement between the calculations and the experiment except for the final state.
This disqreemeot is caused by the faat that the dynamic model COD8isted of straiIht seaments
with finite length so the boundary conditions for clamped ends of the beam makes the etfective
leqth of the deflecting beam shorter with the result that the theoretical t cannot reach the
value of the total leqth.

9,--------------~

8

5 6 7 8 9 10 nU2
X (em)

Fig. 10. Deftection of a fully clamped elastic-viscoplastic. strain bardenina titanium beam with a central
mass. at different times. subjected to a projectile impact and imbedment in the mass.
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Fig. II. Midpoint deftection of a fully clamped elastic-viscoplastic, slJ'ain hardening titanium beam with a
central mass, subjected to a projectile impact and imbcdment in the mass.

Al8061-T6 lmm

- Hasllc pllffeclly plastic
• ~f,mentQI
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• •

oO!C---lOO±O----,2GO~--..".300~--loOO-!-"---,500,,.J,.,.--6~00
TIME (JlNCl

rIJ. J2. Lenatlt of deftected zone of a fuJIy clamped elastic-perfectly plastic AL 6061·T6 beam with a central
mass, subjected to a projectile impact and imbedment in the mass.

lVulnericalstabiluy
Numerical computational stability requires satisfaction of a relation between the time

increment AT and the segment length BX. In solving simple elastic vibration problems directly
using the differential equation of the elastic beam, the stability condition is found
analytically [13],

where

a ... y'(EI/pA).

(27)

(28)

As "a" includes the elastic wave velocity, it is obvious that 4 T must decrease if the
phenomenon goes faster. Usually, the number of segments is chosen according to the desired
accuracy and only later is 4 T evaluated.

This criterion is, however, not suitable for the general program of large deflections. It also is
not applicable in the present case even for elastic behavior, which takes place when the loads
acting on the beam are sufticiently low, because the numerical scheme used in this investigation
is different.

It was suggested[S] to use the experimental relation

(AT/3Xh/(E/p)<r

where r is a constant with a value between 0.5 and 0.8, but this relation does not take into
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account the shape and dimensions of the cross section, the boundary conditions of the specific
problem, and the constitutive equations of the material.

In the present paper, ~T was found by trial and error by decreasing it until stability was
achieved. The beam was divided into 40 equal segments. For examples A and B, the values
obtained were respectively

~T,A "" 0.2 #4sec
~TB "" 0.002 #45eC.

Both ~TA and ~TB are much less than the values correspondiq to (21), and the computation is,
therefore, relatively IoDl and expensive. The computations were performed on an IBM 370/163.
It was observed that the elastic-viscoplastic, strain hardenina model had better stabilizing
qualities than the elastic perfectly plastic one which may be considered an important advlDtaae
of this model.

Ad:1I0wlldrllllllltl-'The authon to thank Prof. S. R. Bodner for his valuable advice and suaestions durina the
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